Will Murray’s Differential Equations, XII. Series solutionsl

XII. Series solutions

Lesson Overview

» Guess a power series solution and calculate
its derivatives:

oo

ylx) = Z anx"
n=0
y'(x) = i na,z" = inanxnl
n= n=1
= a10+2a2:c+3ag,x2+~--
— Z(n —+ 1)an+1$"
n=0

« Guess a power series solution and calculate
its derivatives:

y'(xr) = Zn(n — 1Da,z"?

n=0
oo

= Zn(n — 1)a,z"?

n=2
)

= Y (4 2)(n + Danyoa”

n=0

» Plug your series into the differential
equation.

« To combine the series:

1. First match exponents on x by shifting
indices.

2. Then match starting indices by pulling
out initial terms.
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« Find a recurrence relation on the
coeflicients.

« Solve for higher coefficients in terms of lower
ones.

« Use your coefficients to build your solutions.

Example I
Guess a series solution to the differential equation:
y —32%y =0

Plug in the solution and find a recurrence relation
on the coefficients.

o0

Yy = Zanx”

n=0

oo oo
y = E na,x" = E na,z" !
n=0 n=1

32ty = ZSa,@"”
n=0

1. First match exponents on z by shifting
indices using the mnemonic.

2. Then match starting indices by pulling out
initial terms.

1. Match exponents:

o0 o0
n+2 __ n
E 3a,x = E 3Qp_o%
n=0 n=2
(o) oo

Znanx”_l = Z(n+1)an+1x”

n=1 n=0
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2. Match starting indices:

Z(n—i—l)aon" = a1+2a2x+2(n+1)an+1x"
n=0 n=2

Plug in to the DE:
a; + 2a9x + Z(n + Day 12" — Z 3a, 2" = 0
n=2 n=2

aj + 2azx + Z [(n+ Dapis — 3an_o]z" = 0[+0z + 02 + -]
n{2]

Think of this as a big polynomial [add in terms

on RHS]:
const: a; =0 = a; =0
Z: 2a9 =0 = a, =0
" (n+ 1)api1 —3a,_2 =0| forn> .
Example 11
Use the recurrence relation derived above to solve
y' — 322y = 0.
const: a; =0 = a; =0
x 200 =0 — ay =0
" (n+ 1)aps1 —3a,_—2 =0 forn > .

Example 11
Use the recurrence relation derived above to solve
Yy — 322y = 0.
const: a; =0 = a; =0
X 2a9 =0 — a, =0
" (n+ 1)aps1 —3a,_2 =0 forn > .
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Ap+1

n>2 n=
n =

n=4

n=>5

Qo

a1

¢5)

n=2=— ag
n=3=— a4
n=4— a;s
Qe
Qg

a3n

FEEL

3an—2
n+1
Gives you ag in terms of ay.

Gives you a4 in terms of a;, which is 0, so a4 = 0.
Gives you as in terms of as, which is 0, so a5 = 0.

Gives you ag in terms of az, which goes back to aqg.

is an arbitrary constant.
0 from above.

0 from above.
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GOZ l
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n=0

3

ce

(Of course, this agrees with what you would have
gotten solving it as a separable or linear DE.)

Example II1
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Guess a series solution to the differential equation:

y' —ay —y=0

Plug in the solution and find a recurrence relation
on the coefficients.

y = Zanx :ao—l—Zanx”
n=0 n=1
y = Znanx T Znanx”
n=1 n=1
y' = n(n — 1a,a" 2 = Z(n +2)(n+ 1)ap 2™ = 2as + Z(n +2)(n + 1)ap 22"
n=2 n=0 n=1

Strategy for combining series:

1. First match exponents on z by shifting
indices using the mnemonic.

2. Then match starting indices by pulling out
initial terms.

[We could have matched these at n = 0, but I kind
of like this because it shows some starting terms.|

2a9—ag+ Z [(n+2)(n+ 1)api2 — na, —ay]2" =0

n={1]

a
200 —ag = O:>a2:§0
Qn,
Qpio = n+2f0rn2

Example IV
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Use the recurrence relation derived above to solve
y' =y —y=0.

2&2 —ayp = 0

Z [(n+2)(n+ 1)ayie — na, —ayl2™ = 0
n=1

Example IV

Use the recurrence relation derived above to solve
y' —axy —y=0.

2(12-@0 = 0

Z [(n+2)(n+ 1)ayie — na, —ayla™ = 0
n=1
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a
209 —ag = 0:>CL2:EO
a
Unio = n—:2 for n > [1]
ag, a1 are arbitrary.
Qo
o = 5
a1
a3 = 3
a2 Qo
R S Y
as (451
a = _— = —
b 5 3.5

o 2n o0

x 2"nlz
= @) Gyt ZO 2n+1)!

n=0

2 2 onplg2ntl

= |acT o) Gy

n=0

One is an elementary function, and one is a power
series. To evaluate it, plug in a value of x and
take as many terms as you want for accuracy.

Example V

Guess a series solution to the differential equation:
y' —3xy —3y =0

Plug in the solution and find a recurrence relation
on the coefficients.
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y= Z anx" 3y = 3ap + Z 3a,x"
n=0 n=1
Yy = Z na,z" 3ry = Z 3na,x"
n=1 n=1
Y = n(n —1)a,a"? = Z(n +2)(n+ 1)ay 22
n=2 n=0

= 2ay + Z (n+2)(n+ 1)a, 02"
n={1]

[We could have matched these at n = 0, but I kind
of like this because it shows some starting terms.|

3
2@2-3@0 = O:>a2:%
(n+2)(n+ 1)ayi2 — 3na, —3a, = 0, forn>
3a,
R : n =
ecurrence: Qo ——

Example VI

Use the recurrence relation derived above to solve
y" —3xy — 3y = 0.

2a9 —3a9 = 0

3a,
n+ 2

Recurrence: a,i0 =

Example VI

Use the recurrence relation derived above to solve
y" —3xy — 3y = 0.

3a,
n+ 2

Recurrence: a,40 =
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209 — 3a¢9 = 0:@2:%
3a,
Recurrence: a,i0 = s
ag, a1 are arbitrary.
3@0
ay = - from above
n=1. a3 = % =a
3
. 361,2 . 320@
“ = G T2a
. 3(1,3 - 32(11
e

N 3&0 2 3(11 3 32a0 4
Yy = ap+ax+ 2£B + 3:70 +2.4:v 3.5

1422y il t+ il °+ + L3y il °+ il
= a =T —X — a X =X —XT —
0 27 "2.47 T2.4.6 ! 3° 3.5 3.5

— 2 2n+1 . 246+

= a nZ:O o +ax nZ:: T 3.5 o+ 1):1: {Multlply by 516
3,2 = 6"n! on+1

= |aet o) (2n + 1)

Notes:

1. Sometimes (usually) you can’t convert back
to elementary functions.

2. Sometimes you can’t even find a nice
formula for the general term. In that case,
just calculate the first few coefficients using
the recursion relation.



