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XIV. Series solutions: regular singular

points
Lesson Overview
o
« We want to find series solutions Z a,x" to
n=1

the differential equation:

Plx)y" + Q@)Y + R(x)y = 0
Q(x)
P(x)

« But if P(0) = 0, then 2o = 0 is called
a singular point and the strategy doesn’t
work.

X
y// + y/ +
T

Definition: Pole of order n

« We say f(z) has a pole of order n at o =0

if f has a series whose first term is mln

+ We say xy = 0 is a regular singular point if

1. % has a pole of order at most 1 at 0,
and

2. % has a pole of order at most 2 at 0.

« If xg = 0 is a regular singular point, then we
can use a solution of the form:

y=a"(ap + a1 + agz® + -+ -) :xTZanx"
n=0

«ag# 0
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Solving around regular singular points

+ Plug the series into the differential equation.

» You'll get an indicial equation for r, which
will have two roots.

« If the difference between the roots is an
integer, then you can find a solution for the
larger root only.

« If the difference between the roots is not an
integer, then you can find a solution for each
of the two roots.

Example I
Find the order of the pole at 0 for each of the
following functions:
e’ sinz 1 4 2

: ;o3 9T+ — = —
x r 3w

« < has a pole of order |1]at 0.

xT

. % has a pole of order @ at 0.

« < has a pole of order |2] at 0.

« f(z) =52+ % — 2. [ has a pole of order

at 0.

Example 11

Determine whether zy = 0 is a regular singular
point for each of the following equations:
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2%y” + (sinz)y + 3y =0

2%y + (cosz)y + e*y =0

2?y” + (sinz)y’ + 3y = 0 has a

singular point at o = 0.

singular point at zy = 0, because < has a

P
pole of order 2 there.

Example 111

Find and solve the indicial equation for the
differential equation:

22%y" + 3zy’ + (22° — 1)y =0

Note that o = 0 is a regular singular point.

o0

Yy :xT§ apx"

!

n=0
[

21y =
= Z (n+r)a,z"t 1 3zy =
n=0 (not 1!)

o)

= Z (n+7r)(n+r—1)a,a™ 2 222" =

n={2]

Example II1

e}

> (™)
n=0
o0 o0
Z 20,z T2 = Z 2a,_ox" "
n=0 n:
oo
Z 3(n+r)a,a™"
n=0

Z 2(n+r)(n+r—1)az™""

n=0
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222y 4+ 3xy + (222 — 1)y =0

[—143r +2r(r — D]agz" +[-1+3(r + 1) +2(r + Dr]aiz™™ + - -
nZO nzl

c i {[-1+3n+r)+2(n+r)(n+r—1)]a, +2a,2} 2" =0

n2]

ap#0 = [-1+4+3r+2r(r—1)]=0 {Thisis the indicial equation.}

2 +r—1=0

2r—1)(r+1)=0

r=g

Example IV

Find a solution to the differential equation above
corresponding to r = —1.

J/

[~1+43r +2r(r — D]agz” +[-1+3(r + 1) +2(r + Dr]agz™™ + - -
e Z {[-14+3(n+r)+2(n+r)(n+r—1]a, +2a,-2} 2" =0

" [-143(=1)4+2(-1)(—2)Jag = 0 = ay = arbitrary
" [=143(0) +2(0)(=1)]a; = 0= a1 =0
[—1+3(n+7r)+2n+r)(n+r—1)]a,+2a,-o = 0forn>[2]

[—14+3n—-34+2(n—1)(n—2)]a, = —2a,2
(2n® —3n)a, = —2a, »
—2a,_

an = 2 for n > 2

n(2n — 3)
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Example IV
—2
a, = n—2 for n > 2
n(2n — 3)
—2&0
n a9 2.1
n=3 a3 = ™a =0
4 220,()
= 4. a =
" T 9415
—23(10 —Aayg
a = —
0 2.4.6-1-5-9 311-5-9
Qo
ag = —————
® A411-5-9-13

oo
o= xrg apx"
n=0
2
= a"(ag + a1z + agz® + -+ -)

_ o ap 4 Qo 6 o 8 )
v (ao o5t T315.90 T A1-5.9-13°

OO 2n s
B . _ x (These are not the same n’s
= aox <1 + z:l( 1) n1-5-9..... (47’L _ 3)) {as above!)

Note that r = % would lead to a different solution.

Example V

Find and solve the indicial equation for the
differential equation below. Determine which
root(s) would lead to a valid solution.

%y —3zy + (2 +3)y =0
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Check: % has a pole of order 1, and % has a pole
of order 2, so ¢ = 0 is a regular singular point.

y =a Z anz" {Assume ag # 0. }
n=0
n—=0 n=0
xy = Z apr" T = Z Apqz™t"
n=0 n=1
S S R
n=0 n=0
o o0
Y = Z(n + r)(n +r— 1>anxn+r72 x2y” = Z(n + T’)(n +r— 1)anx"+r
n=0 n=0

n=0: [3=3r+r(r—1)]apz" =0 = ’7"2 —4r 43 = 0‘ —
Since these differ by an integer, only the larger

one, would lead to a valid solution.



